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1. Introduction

QCD, the theory of strong interactions, is an important component of the Standard Model
of elementary particle interactions. It is asymptotically free, which allows us to compute
cross sections of elementary particle interactions at high energies as a perturbative expan-
sion in the running strong coupling as(ur). However, the running coupling as () remains
rather large at energies relevant at recent and future colliders. In addition, to leading order
in the perturbative expansion, the coupling varies sizeably with the choice of the (unphys-
ical) renormalization scale pg. In hadron-initiated processes, the situation is worsened by
the dependence of the cross section on the (also unphysical) factorization scale pp, which
separates the long-distance from the short-distance part of the strong interaction. Thus,
a leading-order evaluation of the cross section yields rather unreliable predictions for most
processes in the theory. To improve this situation, in the past 25 years the radiative cor-
rections at the next-to-leading order (NLO) accuracy have been computed. These efforts
have culminated, when process-independent methods were presented for computing QCD
cross sections to NLO accuracy, namely the slicing [, ff], subtraction [J-[] and dipole
subtraction [ff] methods. In some cases, though, the NLO corrections were found to be
disturbingly large, and/or the dependence on g (and eventually pr) was found to be still
sizeable, thus casting doubts on the applicability of the perturbative predictions. When
the NLO corrections are found to be of the same order as the leading-order prediction, the
only way to assess the reliability of QCD perturbation theory is the computation of the
next-to-next-to-leading order (NNLO) corrections.

In recent years severe efforts have been made to compute the NNLO corrections to
the parton distribution functions [ and important basic processes, such as vector boson
production [§—[7] and Higgs production [{, [ —[Ld] in hadron collisions and jet production
in electron-positron annihilation [, f[§]. These computations evaluate also the phase
space integrals in d dimensions, thus, do not follow the process-independent methods used
to compute the NLO corrections.

The more traditional approach relies on defining approximate cross sections which
match the singular behaviour of the QCD cross sections in all the relevant unresolved limits.
Various attempts were made in this direction in refs. [1-RJ]. In general, the definition of
the approximate cross sections must rely on the singly- and doubly-unresolved limits of the
QCD squared matrix elements. Although the infrared limits of QCD matrix elements have
been extensively studied both at tree-level [BJ-[H]], and at one-loop [ [§], the formulae
presented in the literature do not lend themselves directly for devising the approximate
cross sections for two reasons. The first problem is that the various single and double soft
and/or collinear limits overlap in a very complicated way and the infrared factorization
formulae have to be written in such forms that these overlaps can be disentangled so
that double subtraction is avoided. The second problem is that even if the factorization
formulae are written such that double subtraction does not happen, the expressions cannot
straightforwardly be used as subtraction formulae, because the momenta of the partons
in the factorized matrix elements are unambiguously defined only in the strict soft and
collinear limits. In order to define the approximate cross sections one also has to factorize



the phase space of the unresolved partons such that the singular factors can be integrated
and the remaining expressions can be combined with the virtual correction leading to cross
sections which are finite and integrable in four dimensions.

In ref. [f7] we presented a solution to the first problem, but did not explicitly define the
approximate cross sections, which we left for later work. In this paper we turn to the second
problem and define the complete approximate cross sections that regularize the doubly-real
emission. For factorizing the phase space one has two options. On the one hand we may
decompose the squared matrix elements into expressions that contain only single singular
factors and use the factorization formulae as subtraction terms. In NLO computations this
method was termed ‘residuum subtraction’. On the other hand one may use exact phase-
space factorization (keeping momentum conservation and particles on-shell) to maintain
gauge invariance of the factorized matrix elements. In NLO computations the ‘dipole
subtraction method’ represents an example of this approach.

The single singular factor decomposition cannot be followed in a NNLO computation
because a singular factor in a doubly-unresolved region of the phase space naturally contains
singular factors in singly-unresolved regions. Therefore, we have to use exact factorizations
of the unresolved phase space measures. There are only two known ways of exact phase
space factorization, one termed ‘dipole factorization’ [ff], while the other called ‘antennae
factorization’ [I9]. Actually, both belong to the same general class. The important feature
of these is that in order to factorize the unresolved phase space measures, two partons,
called ‘emitter’ and ‘spectator’, are singled out for each subtraction term. The emitter
emits the unresolved parton and the spectator takes away the momentum recoil to maintain
momentum conservation. In a NLO computation the choice for the emitter-spectator pair is
naturally a colour-connected pair of partons in the soft factorization formula. The collinear
emissions are distributed among the soft ones using colour conservation. Although this
trick provides a fairly elegant framework for computing NLO corrections, the unnatural
distribution of collinear emissions seems impossible to maintain in a NNLO computation
because it leads to simultaneously spin- and colour-correlated squared matrix elements for
which collinear factorization formulae do not exist [[7].!

In ref. [B§ the antennae factorization is used for NNLO subtractions, which is made
possible by the use of colour-ordered subamplitudes, where the emitter-spectator ‘antenna
pairs’ can naturally and unambiguously be selected because singular emission for a given
amplitude can occur only between ordered pairs of momenta (the emitter and the specta-
tor). Note however, that the effect of quantum interference in the squared matrix element
mixes the colour subamplitudes in a rather complicated way and a general scheme to con-
struct the subtraction terms in a process-independent way has not been given yet. It seems
to us that in order to construct a general method for computing NNLO corrections we are
forced to generalize the dipole factorizations of the phase space such that for each subtrac-
tion term all partons of the whole event, except the emitter and the unresolved ones, play
the role of spectators democratically.

In ref. 4], we defined a new NLO subtraction scheme with exact phase-space factoriza-

!Note a misprint in ref. @], where ‘soft’ factorization is written in this respect instead of ‘collinear’.



tion based on the generalized dipole factorization mentioned above. Formally, that scheme
can easily be generalized to any order in perturbation theory. In this paper we extend that
scheme to computing the contribution of the doubly-real emission to the NNLO corrections.
We demonstrate that the regularized cross section is indeed numerically integrable by com-
puting the corresponding contribution to the cross section of electron-positron annihilation
into three jets from the ete™ — ¢gggg subprocess.

2. Jet cross sections at NNLO accuracy

The jet cross sections in perturbative QCD are represented by an expansion in the strong
coupling as. At NNLO accuracy we keep the three lowest-order terms,

o = o0 4 GNLO 4 [ NNLO (2.1)

Assuming an m-jet quantity, the leading-order contribution is the integral of the fully
differential Born cross section doB of m final-state partons over the available m-parton
phase space defined by the jet function J,,,

o0 = / doB T, . (2.2)

The NLO contribution is a sum of two terms, the real and virtual corrections,

oNLO — / Aol Ty + / Aoy T . (2.3)
m+1 m

Here the notation for the integrals indicates that the real correction involves m + 1 final-
state partons, one of those being unresolved, while the virtual correction has m-parton
kinematics. The NNLO correction is a sum of three contributions, the doubly-real, the

one-loop singly-unresolved real-virtual and the two-loop doubly-virtual terms,

,NNLO :/ daiﬂngH*—/ dag\iljm+1+/da¥vjm. (2.4)
m+2 m+1 m

Here the notation for the integrals indicates that the doubly-real corrections involve m + 2
final-state partons, the real-virtual contribution involves m + 1 final-state partons and the
doubly-virtual term is an integral over the phase space of m partons, and the phase spaces
are restricted by the corresponding jet functions J,, that define the physical quantity.

In d = 4 dimensions the two contributions in eq. (B.J) as well as the three contributions
in eq. (B.4) are separately divergent, but their sum is finite for infrared-safe observables
order by order in the expansion in ag. The requirement of infrared-safety puts constraints
on the analytic behaviour of the jet functions that were spelled out explicitly in ref. [A7)].

Following from kinematical reasons, fully inclusive observables can be accurately evalu-
ated in QCD perturbation theory relatively simply. Since these observables are completely
inclusive, no phase-space restriction has to be applied (J,, = 1 for any n). Real and virtual
contributions can be combined at the integrand level resulting in the cancellation of soft
and collinear singularities before performing the relevant phase-space integrations. Owing



to these features, general techniques have been available for some time [1], fJ] to carry out
NNLO calculations in analytic form.

QCD calculations beyond LO for inclusive quantities, such as jet cross sections or
event-shape distributions, are much more involved. Owing to the complicated phase space
for multiparton configurations, analytic calculations are impossible for most of the distribu-
tions. Moreover, soft and collinear singularities are separately present in the real radiation
correction (due to integrations over the phase space of the unresolved parton) and virtual
contributions (due to integrations over the loop momentum) at the intermediate steps.
These singularities have to be first regularized by analytic continuation in a number of
space-time dimensions d = 4 — 2¢ different from four. This analytic continuation prevents
a straightforward implementation of numerical integration techniques.

The traditional approach to finding the finite corrections at NLO accuracy is to regu-
larize the real radiation contribution by subtracting a suitably defined approximate cross
section do™4 such that (i) do™# matches the pointwise singular behaviour of do® in the
one-parton infrared regions of the phase space in any dimensions (i) and it can be inte-
grated over the one-parton phase space of the unresolved parton independently of the jet
function, resulting in a Laurent expansion in . After performing this integration, the ap-
proximate cross section can be combined with the virtual correction doV before integration.
We then write

O = [ (ol s — o] +
m+1

m

[da;é + /1 da}}fl] I (2.5)

where both integrals on the right-hand side are finite in d = 4 dimensions. The form of the
subtraction term in eq. (R.H) is symbolic in the sense that it is actually a sum of different
terms. The jet function depends on different momenta in each of these terms, the exact
set of momenta for each term can be found in ref. [i§]. The final result is that one is able
to rewrite the two NLO contributions in eq. (B.3) as a sum of two finite integrals,

oNLO :/ dag&g + / doNLO | (2.6)
m+1 m

that are integrable in four dimensions using standard numerical techniques.

The construction of the suitable approximate cross section do™®4 is made possible by
the universal soft and collinear factorization properties of QCD matrix elements. Envis-
aging a similar construction for computing the NNLO correction, the universal infrared
behaviour of the loop amplitudes and the infrared limits of the real-emission corrections
at NNLO, as well as the singularity structure of the two-loop squared matrix elements has
been computed Y, p0]. However, it is far more complex to disentangle these singularities
at the NNLO accuracy than at NLO [[7], thus up to now, process independent approxi-
mate cross sections for regularizing the do™® and do®V terms have not been computed,
but for the relatively simple case of e"e™ — 2 and 3 jets, when the dependence on colour
completely factorizes from all matrix elements [24, R9].

In order to avoid this complexity in ref. [53] a new method has been developed for

computing the QCD corrections by combining the real-emission and virtual corrections



before integration for arbitrary jet function. The method is very simple conceptually.
It considers the problem from a purely mathematical point of view: how to compute a
complicated, but finite integral numerically? The first step is to map the phase spaces
onto the unit hypercube of suitable dimensions. Then the singularities from inside the
hypercube are removed to the edges of the cube by splitting appropriately the integrations
and mapping them back to the [0,1] interval. Next, the overlapping singularities are
disentangled using sector decomposition [f4-p9]. At this point the only factors in the
integrand that lead to divergences are of the form A~!7"¢ therefore, the € poles can be
extracted in terms of plus distributions [b3]. The method is clearly completely general
and its strength has already been demonstrated in various explicit computations [[[§ -
7, (. Note however, that the various mappings of the phase space as well as the sector
decompositions are not unique. The particular choices depend on the analytic structure
of the functions one has to integrate, namely, the squared matrix elements for the given
process. In fact, the different terms in the squared matrix element may prefer different
mappings as in the case of ref. [[]. This means that with this technique the construction
of a universal program that requires only various matrix elements as input for computing
NNLO corrections for arbitrary processes does not seem straightforward.

Such program exists for computing NLO corrections f@] based upon the subtrac-
tion method. Therefore, it is of interest whether the subtraction method can be extended
to the computation of NNLO corrections. In the next section we rewrite eq. (2.4) such that
each phase space integral is finite and thus can be performed numerically in four dimensions

using standard Monte Carlo techniques.

3. Subtraction scheme at NNLO accuracy

Let us consider first the doubly-real contribution, da,{?}rz. It is divergent in the doubly-
unresolved regions of phase space. In order to cancel the two-parton singularities we sub-
tract the approximate cross section damf‘”F2 2 that matches the pointwise singular behaviour

of dam T in d dimensions in the two-parton infrared regions. Then we have
NNLO RR RR,A
o = / [d0m+2Jm+2 —do,, 5% Im
m—+2

+/+1 dag\j_lJerl —i—/ {daxv—k/?dagi’?ﬂlfm. (3.1)

However the first integral is still divergent in the singly-unresolved regions of the phase
space. In order to cancel these remaining singularities we subtract the approximate cross

RR,A R A
sections dot 2 L and do 12 to obtain

NNLO RR RR,A, RR,A RR,A
oNNLO _ / (40T p T2 — Aoty = (A0E5" Jinsr — Aoty 2 )|
m+2

+/ [d0m+1 +/d0-§13{—7§1]¢]m+1
m+1 1

+ / [y + / dolBhs / aotr) g, (3.2)
m 2 2



R,A; R,App RR,A,

Here do™ o regularize the singly-unresolved limits of da 5 and do

respectively. For the construction to be consistent, we must also require that daiﬁQA L
do Riﬁ 12 be integrable in the two-parton infrared regions of the phase space,? which re-

and da o

stricts the possible forms of daii’f 12 severely. In eq. (B.2) the jet functions, multiplying

each approximate cross section, organize the terms according to in which integral they

should appear. In particular, daRi’ﬁ !

is multiplied by J,,+1, therefore, after integration
RR,A, .
m+2 18

multiplied with J,,,, therefore, it is added back in the third line. The m 4+ 2-parton integral

over the phase space of the unresolved parton, it is combined with dam ' 1, while do

above is now finite by construction.

Next consider the real-virtual contribution doR, ' 1- It has two types of singularities:
(i) explicit € poles in the loop amplitude and (ii) kinematical singularities in the singly-
unresolved regions of the phase space. In eq. (B.7) the former are already regularized.
Indeed, unitarity guarantees that the second line of that equation is free of € poles if
daii’? ! is a true regulator of dam T in the one-parton infrared regions of the phase space,
just as it does in NLO subtraction schemes. To regularize the kinematical singularities, we
subtract the approximate cross sections do \11 b and < fl 5111’? 1>A1, which regularize the
real-virtual cross section do2¥, o1 and [ 1 dami’ﬁ , respectively, when a single parton becomes

unresolved. Thus, the NNLO cross section is written as

NNLO RR RR,A, RR,A RR,A
o NNLO _ / {doisdmrs = oy Iy = [doyli T = doy 320} (3.9)
m+2 —

A
+/ . {<d0m+1+/d fi’fl)cfmu— [dgi\i’?ur(/ldaii’;l) 1}‘]’”}5:0
oo [ faontitsmaoplit L ffaahi (oot ) ]}y

Since the first and second integrals on the right hand side of this equation are finite in d = 4
dimensions by construction, it follows from the Kinoshita-Lee-Nauenberg theorem that the
combination of integrals in the last line is finite as well, provided the jet function defines
an infrared-safe observable. We should like to emphasize that the form of the subtraction
terms in the first two lines of eq. (B.3) is symbolic in the sense that a single subtraction
term is actually a sum of different terms. The jet function depends on different momenta
in each of these terms. The exact set of momenta for each term in the first line will be
presented in sections f{] and for the second line in a separate publication.
The final result of these manipulations is that we rewrite eq. (2.4) as

A0 [ a0+ [ aoiO [ aoe, (3.4)
m+2 m+1 m

that is a sum of three integrals,

NNLO RR,A RR,A RR,A
doy,ys {d0m+2Jm+2 Aoy io* Jm — [d0m+2 Hmtr —doy, 12Jm} }e—o’ (3.5)

dory¥k0 = {[aoR, + / doptii [ s = [dopil + ( /1 dopis ) ]} o (30)

RR,A RR,A, . . . o
mie - =do,, 52", which we have already taken into account in writing

2Formally this means that do
the expressions.



and

A
doNNLO {davv /2 {daii{_ﬁQ —do 53_;12] +/1 [dai?_i’?l + (/ldazi{_’fl) 1] }e=0Jm7
(3.7)
each integrable in four dimensions using standard numerical techniques.

The subtraction scheme presented here differs somewhat from the one outlined in

ref. [[7], where we assumed that daiﬁ’f '

/ [ / aoit _ ( / daiiﬁl)m] Ty = finite (3.8)
m+1 1 1

in d = 4 dimensions. However, as already emphasized in ref. [7], eq. (B.§) does not follow

can be defined such that (in the present notation)

from unitarity, rather it is a constraint on the definitions of dai +’2A ! and daRi’2 12Tt turns
out more convenient to drop this extra condition and rearrange the subtraction scheme as
presented here.

In this paper we present all formulae relevant for constructing da}ilfgo explicitly. The

terms needed for defining da%lffo and da}leLO will be given in separate papers. We use
the colour- and spin-state notation introduced in ref. [f]. The complete description of our

notation can be found in ref. [47).

4. Subtraction terms for doubly-real emission

The cross section dam o is the integral of the tree-level squared matrix element for m + 2

parton production over the m + 2 parton phase space

dam+2 - d¢m+2’Mm+2‘2 ’ (4.1)

where the phase-space measure is defined as

n d
Aon(pr. - 25Q) = [] Gy tirde (0) (2)7 50 (Q sz) (42)

1=

In eq. (£1) (and all subsequent formulae) the superscript (0) refers to tree-level expres-
sions. We disentangled the overlap structure of the singularities of |/\/l,(31r2|2 into the pieces
AQIMQZFQ\Q, All./\/lfger\Q and A12’M£22i_2‘2 in ref. [i7]. These expressions are only defined
in the strict soft and/or collinear limits. To define true counterterms, they need to be
extended over the full phase space. This extension requires a phase-space factorization
that maintains momentum conservation exactly, but such that in addition it respects the
delicate structure of cancellations among the various subtraction terms.
The true (extended) counterterms may symbolically be written as

dopty? = dou, [dpa] Aol M) 52, (4.3)
dopity" = dmen [dp1] A M2, (4.4)

and
ot = Ay [dpa] [dpr] Ara| MD % (4.5)



where in egs. (.3)-({.5) we used a formal, calligraphic notation (to be defined explicitly
below) to indicate the extension of the terms A2|/\/lm+2|2 A1|M +2|2 and A12|M )+2|2
over the whole phase space that was written in exactly factorized forms,

démio = dom, [dp2] = A1 [dp1] = Ao, [dp1] [dp1] (4.6)

(the precise meaning of the factors [dp;] and [dps] will be given below).

5. Singly-unresolved counterterms

The singly-unresolved counterterm A1|M +2|2 reads

A MO (D2 =S Z SCY )+ | SPOUph =D SPOUph) | |- (B1)

r i#r iF#r

Here all three terms are functions of the original m + 2 momenta that enter the matrix
element on the left hand side of eq. (f.1). To shorten the notation we denote these momenta
collectively as {p} = {p1,...,pm+2}. Although the notation in eq. (f.I)) is very similar to
the operator notation introduced in ref. [, it is important to understand that it is not
meant in the operator sense, for instance, the last term on the right hand side does not
refer to the collinear limit of anything. Throughout this paper the subtraction terms are
functions of the original momenta for which the notation inherits the operator structure of
taking the various limits, but otherwise it has nothing to do with taking limits.

5.1 Collinear counterterm

Counterterm. The singly-collinear counterterm is
0,0) ir A0 ir
C0 ((9) = Smas* (MO (B SDIPL), (s i kit )M (5)5) (652

where the kernels P}?}T (Zi,rs 21,05 k1 iri€) are defined to coincide with the following specific
forms of the Altarelli-Parisi splitting functions (valid in the CDR scheme)

1+ 27
< ’quog)r(Zi,raZr,z‘§€)’$> = 5rsCF . 'z,r _ gzm‘] = 5 Pq(,g)r(zi,rvzhi;g)v (5.3)
T,
Kk
WP (i 2y K3 )v) = T | =g + i pzpi—g—"0 | (5.4)
1ar
(0) B _ pv [ Fir | A kizrkizr
< ’Pg,gr('ziﬂ’azr,’iakj_irv )’V> 2C’A — + — —2(1 —8)22‘77127»7@'27
7 Zr Zir 1,r

(5.5)

In eq. (F.9) the double superscipt on the left hand side means that on the right hand side
of the equation both the matrix elements as well as the splitting kernels are at tree-level.



In eq. (p.3) we introduced our notation for the spin-averaged splitting function,

~

PI) (i 20i3) = (PY0) (s 2 W 4 59)) (5.6)

The kernels are functions of the momentum fractions z; , and z,; that we define as

Yiq and Zri = IrQ , (5.7)

Y(ir)Q Yr)Q

Zi,T =

where y(;;)q = Yiq + yr@ With yig = 2p; - Q/Q?, yro = 2pr - Q/Q? and Q* is the total four-
momentum of the incoming electron and positron. With this definition z; , 4+ 2,.; = 1. Note
that the momentum fractions are nothing but the energy fractions of the daughter momenta
of the splitting with respect to the energy of the parent parton in the center-of-momentum
frame. The transverse momentum k| ;, is given by
B ol o R Y
Lar — Cz,rpr Cr,zpi + Czrpl'r > Cz,r = Zir > Cr,z = Zrj .
™ YirY(ir)Q CirY(ir)Q
Here y;r = 2p; - pr/Q* while . and «, are defined below in eqs. (5:17) and (5:12) respec-
tively. This choice for the transverse momentum is exactly perpendicular to the parent

(5.8)

momentum p}. and ensures that in the collinear limit p'||p}’, the square of k] , behaves
as
ki,i,r = =SirZriZir, (5.9)

as required (independently of (;-). In a NLO computation this feature is sufficient to
ensure the correct collinear behaviour of the subtraction term. In a NNLO computation in
addition to eq. (5.9) it is also important that k' ;. itself vanishes in the collinear limit,?
and it is convenient if kj‘_ ;18 perpendicular to 7672“. These conditions are fulfilled if we
choose -

Cir = L(Zr,i — me) . (5.10)

QirY5 o

With this choice ki” — kil in the collinear limit as can be shown by substituting the
Sudakov parametrization of the momenta into eq. (5.§) (with properly chosen gauge vector).

Momentum mapping and phase space factorization. The m + 1 momenta,
{ﬁ}fjﬁl = {P1,---,Piry---,Pm+2}, entering the matrix elements on the right hand side
of eq. (5.2) are defined as follows

(R T O TR o R R N CREY
where 1
Qi = |:y(ir)Q —\ Yy — Wir } : (5.12)
The total four-momentum is clearly conserved,
m m
Q' =pi' + P+ > ph=ph+> il (5.13)
n n

STf kY , . does not vanish in the collinear limit then the iterated collinear-triple collinear counterterms
of section do not have the correct (strongly-ordered) collinear behaviour.

,10,



For further convenience let us denote the momentum mapping introduced above as

{py <= {3y (5.14)

where 7 and r are any two labels of momenta that appear on the left hand side, but not on
the right hand side.

The momentum mapping of eq. (f.11)) leads to exact phase space factorization in the
form

d¢m+2({p} Q) = d¢m+1({p}r:;+17 Q) [dpgzjnﬂ(pr,pm Q)] > (5'15)

where, as indicated, the m+1 momenta in the first factor on the right hand side of eq. B.19)
are exactly those defined in eq. (5.11]). The explicit expression for [dpgzz)I 11 (Pry Pir; Q)] reads

1) - (ir) s oy A o - 16
[ pl;m+1(p7‘7plT‘7Q)] \71 m+1(p7"7pZT‘7Q) (27T)d_1 +(p7')7 ( . )

where the Jacobian is

(1= ai)™ @21 0(1 - aiy)

j o , Dir; =y .
L m+1(pr PiriQ) = Vg 201 =y o)oir + ¥, + U0 — UrQ

(5.17)

In this equation a;, needs to be expressed as a function of the variables p}' and pl,., that
is, it is the physical (falling between 0 and 1) solution of the constraint

2
p?
Q_Z2 = (1 ZT‘Q) OZ”, + (y,,;; + Yoo — yrQ) Qi — Y, 00 — 0, (518)

which can be computed easily. However, for the purpose of defining the subtraction terms,
this solution is not required explicitly, the momentum mapping given in eq. (5.11) is suffi-
cient.

The collinear momentum mapping of eq. (b-I1]) and the implied phase-space factor-
ization of egs. ()7() are represented graphically in figure . The leftmost picture
represents the (m+ 2)-parton phase space dg,,+2({p}; @). In the circle we denote the num-
ber of final-state partons. The picture in the middle represents the result of the mapping
of momenta in eq. (5.11]). The dots between the momentum p;, and the circle with the two
momenta p; and p, means that the latter two are replaced with p;.. This mapping implies
the exact factorization of the phase space, written in eq. (f.1§) and represented by the pic-
ture on the right. The first factor is the phase space of (m+1)-partons, d¢y,11 ({p}(“" 5 Q),
and the second is [dpg )]. In the latter the box represents the Jacobian on eq. (5.17) and
the line means the one-particle phase-space measure. We shall use similar graphical rep-
resentations of other momentum mappings and implied factorizations of the phase space.

In the collinear limit, when p!'||pF’, the transverse momentum behaves as in eq. (5.9),
Zir — 2z and 2,; — 2. Furthermore, oy, tends to zero so pir — pi + pi and P, — pn,
i.e. the tildes disappear from figure [ Consequently, the counterterm reproduces the
collinear behaviour of the squared matrix element in this limit.
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Figure 1: Graphical representation of the singly-collinear momentum mapping and the implied
factorization of the phase space.

5.2 Soft-type counterterms

Counterterms. The soft-type* terms are the singly-soft and singly soft-collinear coun-

terterms
SO ({p}) = —87rozs,u2€ZZ S (MIMO o U (5.19)
i k#£i
1 22” o (r
Cir, SOV ({p}) = 8magy® — 2 MY, ({5} ). (5.20)

If r is a quark or antiquark, S ({p}) and CZ-T&EO’O) ({p}) are both zero. The eikonal factor

in eq. (b.19) is
QSik

Sir(r) = (5.21)

SirSrk ’
and the momentum fractions entering eq. (5.2() are given in eq. (5.7). The operator T); is
the colour charge of parton i [ff]. The matrix element, appearing in eq. (5.19) is the colour
correlated squared matrix element (for the precise definition we refer to ref. [&7]).

Momentum mapping and phase space factorization. The m + 1 momenta,
{ﬁ}g)+1 = {P1,---sDr—1,DPr+1,---,Pm+2} (the momentum with index r is absent), enter-
ing the matrix elements on the right hand sides of eqs. (5.19) and (f.20) are defined by first
rescaling all the hard momenta by a factor 1/A, and then transforming all of the rescaled
momenta as

where
A =V1-yrq, (5.23)
and N . .
—~. 20K+ K)MK+ K), 2KMK,
e Tow T (5.24)

4The expression ‘soft-type’ refers to the momentum mapping used to define these terms.
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Figure 2: Graphical representation of the singly-soft momentum mapping and the implied factor-
ization of the phase space.

— —~2
The matrix AL[K, K | generates a (proper) Lorentz transformation, provided K2 = K~ #
0. Since p} is massless (p2 = 0), the total four-momentum is again conserved,

m+1 m+1

QU=ph+ > ph=> ph. (5.25)
n n
We will find it convenient to introduce the notation

{p} 2> (50, (5.26)

to denote the above momentum mapping. Here r is the label of any momentum of the
original momentum set {p} that is absent from the set on the right hand side.
The momentum mapping of eq. (5.29) also leads to exact phase space factorization

dpm+2({p}; Q) = d¢m+1({ﬁ}g)+1§ Q) [dpgr)nﬂ(pr; Q)] (5.27)

The m + 1 momenta in the first factor on the right hand side are those of eq. (p.22). The

factorized one-parton phase space [dpg?n (P Q)] is

T IS8 ddpr
[dpg;gn—l—l(pr; Q) = ~71(;n)1+1(1?r§ Q) W5+ (P2), (5.28)
with Jacobian
T (i Q) = NMD20 (), ). (5.29)

Similarly to the graphical representation of the collinear momentum mapping and
phase-space factorization, depicted in figure [, we present the graphical representation of
egs. (b-29)-(F-29) in figure . The middle picture in this figure represents the soft-type
mapping of eq. (p.29). The dots between the main circle and the circle with momentum
pr mean that the latter does not take away momentum from Q* (see eq. (5.25)).

The soft-type terms are defined on the same phase space, therefore, in the collinear
limit, when p||pf’, the soft-collinear counterterm regularizes the kinematical singularity
of the soft counterterm by construction. In the soft limit, when p{ — 0, in eqs. (5.11)
and (.13) a;r — 0 and p},. — p!', therefore, the momenta obtained in the collinear map-
ping tend to the same momenta as those obtained in the soft mapping, i.e. all momenta

,13,
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Figure 3: Graphical representation of the soft limit of collinear and soft-type mappings.

with tilde tend to the corresponding original momenta both in the case of collinear and
soft momentum mappings, with the soft momentum being dropped as shown in figure j
Thus the soft-collinear counterterm regularizes the kinematical singularity of the collinear
counterterm. At the same time the soft one regularizes the squared matrix element by

construction.
RR,A,
m—+2

eq. (B-J) is a function of the m + 1 momenta {p}m 41 and {p}m 41 for the collinear and
soft-type countertems, respectively.

In closing this section, we note that the jet function J,, 1 that multiplies do in

6. Doubly-unresolved counterterms
The doubly-unresolved counterterm is

Ao M, 2 :ZZ{ 3 [ clMn+ S —clf,fsa 1)

r s#r \i#nrs jFi,r,s

+;< O (p)) — Cmai(ff) — 3 CirysCSiys {p})>

jFi,r,s

aSZT' SST‘(S] 0 ({p}) CZT’SST(S 0 ({p}) + CZTSGSZT‘ SST(S 0 ({p})

+ Z _Czr]s rs ({p})

jFi,r,s

+3 s£270><{p}>} . (6.1)

6.1 Triple collinear counterterm

Counterterm. The triple collinear counterterm reads

e ({p}) = (8msu2€)22i</‘/‘§2) By DN Prg 1. (zas sjms kg }: ) MDD ({BYH)) -
(6.2)
The Py, 5,({2jk1> Sjk k1 jri};€) kernels are defined to be the specific forms of the triple
parton splitting functions introduced in ref. [{4], with one important modification: In the
gluon splitting functions P sqrgs and Pgigrgs’E] the azimuth-dependent terms that depend on

°In the case of the ¢ — ggg splitting, ref. [@] uses the original definition of ref. @], not spelled out
explicitly.
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the transverse momenta have always to be written in the form kijkﬁik/kl,j ki (k can
be equal to j), otherwise the collinear behaviour of the counterterm cannot be matched
with that of the single collinear counterterm in the singly-unresolved phase space region.
The correct azimuth-dependence can be achieved by making use of the following identites:

K RY
Kk = (_ 2 (1 = zj)8jm + stkl>%, (6.3)
kJ-J
e
Koy ) ) i e L% Lk
2K K = (S]k + 22528kl — ZiSj(ik) z]sl(jk))ikl’j e (6.4)

where {k,1} = {i,7,s}\ {j} and j can be i, r or 5. Note that ref. [i]] does not consider the
splitting function for the case of final-state fermions with identical flavours. The reason is
that it consists of two terms of the type of different flavours plus a third term corresponding
to an interference contribution denoted by <]5q—(i((2q3> in ref. [B7]]. The different flavour
contributions were given in ref. [f7], while the interference term can directly be taken from
ref. B7] with the simple substitution of indices 1 — r, 2 — s and 3 — ¢ in order to match
our notation. This latter term does not require any special care because it does not have
a leading singularity in any of the singly-, or other doubly-unresolved regions of the phase
space, apart from the triple collinear one.

The momentum fractions in eq. (6.J) are defined similarly as for the collinear case
given in eq. (B.7)

Yi Y Y
= Y9 s Zris = rQ 5 Zsir = 9 5 (65)
Y(irs)Q Y(irs)Q Y(irs)Q

Zirs

with 2; rs + 245 + 2s,ir = 1. The transverse momentum k| , ;s is

kirﬂ's = Cr,ispéL - Ci,rsp¢f + Cr,z‘spg - Cs,irpﬁ + Cris ﬁfrs ) (6-6)
where® y 9
. L — Qe s
Ci,rs = Zips — & : Cris _ Yir — Yrs risYirs . (6.7)
jrs y(irs)Q Qirs y;;gQ

The expression for k| g ;- is obtained from eq. (@) by simply interchanging the indices r
and s, while k| ;s = —k| yis—k| 5. Similarly, ¢, ;s and (s ;- are obtained from ¢; 5, while
Cirs and (g from (5 by interchanging the indices. We define ﬁfm and « s in egs. (@)
and (p.1(). This choice for the transverse momentum is also perpendicular to the parent
momentum pf. . as the one given in eq. (F-§) and it ensures also that in the triple collinear
limit pf'||p)||p%, relations of the type (see ref. [B7])

2
kJ_,r,is _ kl,s,ir)
)

Zr,is Zs,ir

Srs = —Zris Zs,ir < (68)
as well as k| ;. ;s — k1 , are fulfilled. In a NNLO computation the longitudinal component
in eq. (p.6) does not give any contribution due to gauge invariance, therefore, we may
choose (is = 0.

6Note that the indices of (ris are ordered!
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Momentum mapping and phase space factorization. The matrix elements
(irs)
m

on the right hand side of eq. (@) are evaluated with the m momenta {p}
{P1,-- - Dirss -+ Pm+ro2} defined as

- 1 - 1 .
Py = ——— @ + Pl + Pl — airsQ"),  Pi=———pk, n#irs, (6.9
1- Qirs 1-— Ajrs
with 1 .
Qjrs = 5 |:y(i7"s)Q - y(irs)Q — 4Yirs ] . (6'10)

Clearly eqgs. (p.9) and (6.10) are generalizations of egs. (b.11)) and (p.I9). The total four-

momentum is again conserved,

Q=ph +> Ph=pl+pl+pl+> ph. (6.11)
n n

The momentum mapping of eq. (5.9) leads to exact phase-space factorization in a form
very similar to eq. (b.19)

dmra({p}: Q) = dém({FYE™): Q) [ApSr?) (r, Py irs: Q)] (6.12)

where the m momenta in the first factor on the right hand side of eq. (p.13) are those given

in eq. (6.9). The explicit expression for [dpg:;) (Pry s, Dirs; Q)] is

irs ~ irs ~ ddpr d Ps
[dp;;m)(pr,Ps,pirs; Q)] = j2(,m )(pr,pé;apirs; Q) W(SJF (pz) (271-)de 5+ (pg) ’ (6'13)

where the Jacobian is
(1 - airs)(mil)(dimil @(1 - airs)
1- y%@)aim + y(rs)g;_s/ + y;gQ ~Yrs)Q

‘72(3;8) (pr7p87ﬁi7‘8; Q) = y;;@ 2( (6.14)

In this equation «;,s is the physical (falling between 0 and 1) solution of the constraint

2
p.
07 (1= ¥550) s T Woyims + Yisg — Yer9)@) Qirs + Yrs = Yps = 0. (6.15)

We present the graphical representation of eqs. (6.9)-(b.14) in figure . The meaning of
the various graphical elements is analogous to those in figure [I.

In the triply-collinear limit, when p!|[p\'||p5, the transverse momenta behave as in
eq. 6-3), zirs — 2iy 2ris — 2 and zs; — 25. Furthermore, a5 tends to zero so Phy —
pi'+pl+ps and p,, — p,, (the tildes disappear from figure ). Consequently, the counterterm
reproduces the collinear behaviour of the squared matrix element in this limit.

6.2 Double collinear counterterm

Counterterm. The double collinear subtraction term reads
0,0 1
) ({p}) = (8masu®™)?

- (iriis ~ (0 0 ~\ (171378
KMDUBHTINNEL], (i 2 b irss VP 1 (oo s g ©)WMED (1BHGT )

(6.16)

SirSjs
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Figure 4: Graphical representation of the triply-collinear momentum mapping and the implied
factorization of the phase space.

where P (2k, 21, k1 ; €) are given in egs. (5.9)-(F.5). The momentum fractions are defined

(0
f fi
in eq. (5.7), and the transverse momentum ki irjs is

ki,ir;js = Ci,rpg - Cr,z‘pg + Czrﬁfr ) (617)

i.e., it is formally identical to the k:j‘_ ;. defined in eq. (b-§), although the definition of p,
is different in the two cases (cf. egs. (m) and (p.1§)). In the NNLO computation we may
choose (;r = 0in eq. (B.17). Of course, k| js.ir is given by eq. (B.17) after the interchange
of indices (i « j,7 « s). Eq. (b.19) defines ;, and ajs, the latter with the same change
of indices as before.

Momentum mapping and phase space factorization. The m momenta {p}(zm Y=
{P,. . Dirs--- Djss--.,Pm+2} entering the matrix element on the right hand side of
eq. (b.16) are again given by a simple generalization of eq. (p.11])

1
o = ——  (pt P o QF = I B oy QM
Pl 1_air_ajs(pz+pr ar @), Pl 1_air_04js(pj+ps QM)
1

= n#i,rj,s. 6.18
L #4,7, ], (6.18)

The total four-momentum is clearly conserved.
The momentum mapping of eq. (f-1§) leads to the following exact factorization of the
phase space:

dm2({p}: Q) = Ao ((BYTI); Q) [dpSr7*) (pr. piss Bir Bjs: Q)] (6.19)

where the m momenta in the first factor on the right hand side of eq. (b.19) are given by
€q. () and [dp(lr7]8)(prap&ﬁimﬁjs;Q)] reads
I d’p d%p
[d (zr;] )(pr,ps,pzr,pjs, Q)] j2zr,]3 (pr,pSapirapjs§ Q)W&F(Iﬁ) W(;Jr(ps)
(6.20)
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Figure 5: Graphical representation of the doubly-collinear momentum mapping and the implied
factorization of the phase space.

In this equation the Jacobian factor can be written as, for instance,
jg(;l;:jjs)(l)r,?s,ﬁir,ﬁjs; Q) =Vio¥5g(l —ir — aje) D O(1 — i — )
X (4(1 ~ Yo~ yJ-NSQ)airajs
+ [y;-;Q(Q YotV — @) T 2+ usg) — 2ys(l - y;;Q)} Qir
+ [y;,:Q@ — Y50 T Y7 —¥sQ) T U7 2+ y50) — 2yl — y;-;Q)] ajs
-1
+Wiro — @) Wig —¥sQ) — Wi T UrQle5: — Wing + ySQ)yr;> , (6.21)

where o, and a5 are the physical (both are positive and their sum falling between 0 and 1)
solutions of the coupled constraints

2
gz = (1= ¥3Q) tr — Uig irts + (U35 + Ui — ¥rQ) Cir + 4,505 — 4,5 =0,

o - (1 =¥550) O = Uiz Qirtis + (U, 55 + Y750 — YsQ) Qs + Y, 55 s — Y, 75 = 0.(6.22)

The analytical solution of these equations is rather complicated. In a numerical calculation
one can always find the solution numerically. However, for defining the subtraction terms,
we need only the momentum mapping given in eq. (6.18). In order to integrate the sub-
traction term over the factorized phase space [dp;i:rlj S)(pr, Ds Dir> Djs; Q)], we can choose v,
and ;s as integration variables and thus the solution of the coupled quadratic equations
can be avoided. We present the graphical representation of eqs. (p.1§)—(p.21]) in figure .

In the doubly-collinear limit, when p!'|[pf' and p;‘ ||[p5, the transverse momenta behave
as in eq. (6.9), zx; — 2 (k, L =14, j, r, s). Both a;,; and as tend to zero so pt,. — pt' +pl',
]5? = pé-‘ + p, ph — ph. Consequently, the counterterm properly regularizes the squared
matrix element in this limit.

6.3 Double soft-collinear-type counterterms

Counterterms. We refer to the three terms on the second line of eq. (6.1]) as double
soft-collinear-type terms because they are all defined using the same momentum mapping,

,18,



that of the soft-collinear subtraction term. Explicitly these terms read

S0 ({p}) = —(8rasu™) ZZ ~S(s)

J k#j
1
XS_< ({p}(s Jir )‘T Tk (}T(ZZTWZT’Z?]{:J_,Z,T, )‘M(O ({p} §,ir )>,(623)
1-
CriCSO0 ({p}) = (Bragu®)?—— 1= Zsir 2

S(ir)s Zs,ir
1 §,ir 7. S,ir
XM O {BY)] ffr(zi,razr,iakl,i,ra eIMD B}, (6.24)

ir
2z

Cl’T,]S ZT‘ s ({p}) (87T045M2€)2—ﬁ T?

Sjs Zs,j

1 ~\ (8,ir D 7. ~\ (8,ir
< — (MDY P i 2ris fL s MO DY) . (6:25)

wr

Here we remind the reader of what we wrote below eq. (b.I) about the notation. For
instance, on the left hand side of eq. (p.24) C,, C’S(O % denotes a function that is defined

;s
by the function of the original momenta given on the right hand side. The eikonal factor

entering the soft-collinear counterterm CS; (© )({p}) is given in eq. (5.21]). Nevertheless, we

;s

record explicitly that whenever j or [ in eq. (6.29) is equal to (ir), eq. (5.21) evaluates to

S ) (8) — 28(i7")l — Q(Sil + ST‘l) (6 26)
(@)t S(ir)ssls (Sis + Srs)sls . .

The momentum fractions appearing in eqgs. (6.23)-(6.25) are the same as those for the
singly- and triply-collinear counterterm (see eq. (5.7) and eq. (6.5)), while transverse com-
ponents k 1 are the image of the transverse momentum k, ;, in eq. (5.§) under the soft

map of eq. (5.26)
Flin —5 ki (6.27)
Explicitly we have
B ar = MUIQL(Q = o) AR/ 2s) (6.28)
where \; and the matrix A} are defined in egs. (§.23) and (5.24). The hatted momentum
Ps is given in eq. (f-30) with n = s.

Momentum mapping and phase space factorization. The m momenta {p} =
{P1,---,Piry---,Dm+2} (ps is absent) entering the matrix elements on the right hand sides
of egs. (6.29)-(6.29) are defined by the composition of a single collinear and a single soft
mapping as follows:

{p} <5 Y] 25 (. (6.29)
The first mapping is a collinear-type one leading to the hatted momenta
1
s H B o OM H — M ) 6.30
Diy 1_air(pz+pr @), Py o Pn AL (6.30)

where ;- is given in eq. (p.13), followed by a soft mapping
P = AD1Q, (@ — Ps)/Xsl(n/As),  n#3, (6.31)
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Figure 6: Graphical representation of the soft-collinear momentum mapping and the implied
factorization of the phase space.

where )\; is given in eq. (5.2§) (with » — 3). The order of the soft and collinear mappings
is not crucial. The order chosen here leads to simpler integrals of the singular factors over
the unresolved phase space.

This momentum mapping leads to exact phase-space factorization

dbmra({p}; Q) = dm({FYS™; Q) AP\ (prs i @) [dDE) (s; Q)] - (6.32)

The collinear and soft one-particle factorized phase space measures [dpgf:r{ 11(Pr, Dir; Q)]
and [dpfzn(]ﬁs;Q)] are given respectively in egs. (p.16) and (p.2§). We show a graphical
representation for eqgs. (6.29)—(6.33) in figure f. The counterterms in egs. (6.23)-(6.29) are
defined on the same phase spaces. Therefore, in the triply-collinear limit, when p!'||pF||p%,
the term in eq. (p.24) regularizes that in eq. (p.23), while eq. (p.27) is integrable. Conversely,
in the doubly-collinear limit, when p!||p} and py\ Ip%, the term in eq. (f.2) regularizes that
in eq. (B.23), while eq. (.24) is integrable. In the soft-collinear limit, when p!'||p} and ps —
0 simultaneously, both the triply-collinear mapping, defined in eqgs. (6.9) and (6.10), and
the doubly-collinear mapping, defined in eq. (p.1§), approach the corresponding limit of the
iterated mappings of eqs. (6.29)-(6.31). This limit of the momentum mappings is depicted
graphically in figure []. We then conclude that the subtraction term in eq. (5.24) regularizes
the kinematical singularities in eq. (@), while eq. () regularizes the singularities in the
doubly-collinear subtraction in eq. (6.14). In this limit, the subtraction term in eq. (f.23)

is a local counterterm to the squared matrix element by construction.

6.4 Double soft-type counterterms

All terms on the last two lines of eq. (b.1]) are constructed using the same momentum
mapping as the doubly soft counterterm Sr(g’o)({p}) itself. We refer to these as doubly

soft-type terms.
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Figure 7: Graphical representation of the soft-collinear limit of the triply-, doubly- and soft-
collinear momentum mappings.

Counterterms. We begin by exhibiting the soft-type terms explicitly for the case of
double soft gluon emission and then present counterterms to it in the various doubly-

unresolved regions. We have

St (P1) = (Bmas™®)” E > Silr)Sa(s) MU iy (PYF)P

i7j7k7l
1 0 _
~7Cn Y Sl s>|M;3(i,k)<{p}%s>>|2] , (6.33)
i,k
4z} (1—¢) (Sirzsir — Sisris)>
C. P = (81 2e\2 T2 2,78 +CA ir~S8,ar 1S4T,18
irgsg rgSg ({ B =( i) C SirSisriis e Si(rs)Srs Si(rs)srs(zr,is + Zoir)?

2
Zirs ( 4 _ 1 ) _ 1 222 rs
Si(rs)Srs \ Rr,is + Zs,ir Zr,is Si(rs)Sir Zr,is(zr,is + Zs,ir)

2
Z 1 Z; 1 1
2,rs 1,78
- + < + +(r < s)
Si(rs) Sis Zr,is(zr,is + Zs,ir) SirSrs \ Rs,ir Zr,i5+zs,ir

x T3 MR {BH )P (6.34)
1 2z, rs
agzrg ;Sg rgSq ({p}) (87‘(‘(15,[1, )28 2 T2 Z Z S]l |M HER)) ({ } ))| ’ (635)
ATy i 1)

1 2% 1 2z;
_ 2e\2 2T 2 758 2 0 ~(rs)\|2
Czrg 1JSg rgSq ({p}) - (SWQSM 6) o Ti o . Tj‘Mgn)({p}gn ))’ ’ (636)

Sir Zrji Sjs Zs,j

4 1,75\ %1,rs 18 ~
Corys,Ciry i SO0 = (Sagpe2e )2 Lzirslzirs ¥ 2nis) iy \g(0) (1002 (6.37)

WgSg " g;8g ~TgSg -y . .
SirS(ir)s?ris?s,ir
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The momentum fractions were defined in eqgs. (b.7) and (6.§). The matrix elements, ap-
pearing in eq. (6.33)) are the doubly two-parton colour-correlated squared matrix elements.
For their precise definition we refer to ref. [i7]. The two-gluon soft function appearing in

eq. (b-39) is

SirSks + SisSkr |1 —¢€

— —S(SO)(T s)| — 4 k(rs),  (6.38)

Si _ S-(S'O') 4
k(n S) ik (n S) + Si(rs)Sk(rs) S%s g ik Srs

where

S5 (r,5) = Sikls) (Sis(r) + Sus(r) — Sir(r)) (6.39)

is the form of this function in the strongly-ordered approximation and S;(rs) is given by

eq. (B-21),
25ik

Sik(rs) = (6.40)

Si(rs)Sk(rs) .
The discussion below eq. (6.25) about the eikonal factor appering in the double soft-collinear
subtraction term (eq. (6.23)) and especially eq. (b.26) apply also to the soft-collinear limit
of the doubly-soft subtraction, eq. (5.33).

The only nonzero terms for the case of emission of a soft quark-antiquark pair are
Sﬁgsg)({p}) and C;,._ SqSﬁgsg)({p}), the remaining terms all vanish. Explicit expressions for
these nonzero terms are

1
S8 ({p}) = (Brag™)* - Tn

SirSks+ SkrSis — SikSrs SirSis 0) ~\ (rs
XZZ( 2 )‘M( Lo (YR, (6.41)

i ki Si(rs)Sk(rs) Sz(rs)

S0 ({p})= (8masy®)* T} Tn

zrqsq rqsq

< 2 ( zi,rs (Szrzs ir — SisRr zs)

Si(rs)Srs Zr,is+zs,zr Si(rs) Srs(zr is T Zs zr)

)\M(O ({BYR) . (6.42)

Momentum mapping and phase space factorization. The m momenta {p}(rs =
{D1,--+,Pm+2} (pr and ps are omitted from the set) entering the matrix elements on the

right hand sides of eqgs. (p.33)—(B.37) and eqgs. (6.41)) and (6.42) are given by a generalization
of the singly-soft momentum mapping of eq. (§.23) to the case of two soft momenta,

ﬁ% = Aﬁ[Qa (Q - DPr — ps)/)\rs](pZ/Ars) ’ n 7& s, (6'43)

where

Ars = \/1 - (y(rs)Q - y?‘S) (644)

and AL[Q, (Q — pr — ps)/Ars] is the matrix given in eq. (5.24). This momentum mapping
again conserves total four-momentum.

The m + 2 parton phase space factorizes exactly under the mapping of eq. (6.43). We
find

ddmr2({p}: Q) = dém (A} Q)dpS2) (pr, ps: Q)] 4 (6.45)
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Figure 8: Graphical representation of the doubly-soft momentum mapping and the implied fac-
torization of the phase space.

where the m momenta in the first factor on the right hand side are those defined in
eq. (b.43). The explicit form of the factorized two-parton phase space is

rs rs d’p, d’p,
[dpg;nz(pr,ps; Q) = j2(;m) (Pr,ps; Q) WM(P%) W6+ (p2), (6.46)
with Jacobian
T (pry s Q) = ATED=29(),,). (6.47)

We show a graphical representation for eqs. (p.43)-(p.47) in figure §.

The counterterms in eqs. (b.39)—(f.37) are all defined on the same phase spaces. There-
fore, all the cancellations among these terms in the triply-collinear limit, when p!'||p)||p%,
in the doubly-collinear limit, when p!'|[p} and pg |lp%, and in the soft-collinear limit, when
p||pr and p§ — 0, take place in just the same way as for the QCD factorization formulae
described in ref. [7]. Consequently, the combination of the terms in egs. (6.33)—(6.37) as
present in eq. (6.])) is integrable in four dimensions in all of these limits. The same is true
for the difference of the two terms in eqgs. (6.41]) and (6.49).

In the doubly-soft regions of the phase space, when pt and p§ — 0, the momentum
mappings in eqs. (6.9), (6.18) and in (6.29) approach the corresponding limit of the double
soft-type mapping in eq. (.49), shown graphically in figure f]. Therefore, the cancellation
of kinematical singularities among the various subtraction terms in eq. (B.I]) takes place in
just the same way as for the QCD factorization formulae described in ref. [[£7], with the
exception of the double soft subtraction terms in eqs. (6.33) and (6.41)). In this limit, the
latter provide local counterterms to the squared matrix element by construction.

7. Iterated singly-unresolved counterterms

In ref. [{]], we introduced the term A12|M£2)+2|2 that reproduced simultaneously both the
singly-unresolved limits of the doubly-unresolved limits and the doubly-unresolved limits
of the singly-unresolved limits of the squared matrix element. The structure of these terms
was such that A12|M£2)+2|2 was defined to be A1A2|M£2)+2|2. When extending the terms

All./\/lsgzﬂ\? and AQIMSBFQ\? over the whole phase space to obtain the subtraction terms
A |M£2)+2 |2 and A2|M,(£LZF2|2, we defined the momentum mappings such that this structure
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Figure 9: Graphical representation of the doubly-soft limit of the triply-, doubly-, soft-collinear
and doubly-soft momentum mappings.

could be preserved, i.e., the iterated singly-unresolved counterterm A12|M,(£L1rz|2 is just the
singly-unresolved subtraction for the doubly-unresolved counterterm Ag]./\/lm +2\2. Thus
formally we can write

A MY (PP =Y

t

1
> 5 e My ({p))
k£t

+ | S MD (PN = Y CuS A M (NI ] |, (7.1)

k£t
where the three terms in eq. (7)) each evaluate further into the expressions,”
0,0 0,0 0,0
thA2 = Z [thcl(ctr ) + thaglgt r) thcktrcslgt 7") thcrkts( )
r#£k,t
(0,0) 0,0 0,0
+ Z ( thczr kt thcir;ktcslg:t;r)> + thSIgt ) ’ (72)
i#£rk,t
1 0,0 0,0
StA2 = Z { Z 5 <Stcz(7"t ) + Stagz(r t) Stczrtagz(r it )>
r#t \ i#nrt
_S.C. S(O 0) _S.CS S(O,O) (0,0) (0,0)
tYirt tYiritCrt + Stcirtaglr tS + StS (73)

At the level of the factorization formulae in ref. [@] we neglected subleading terms in the triply-collinear
limit of the soft-collinear formula (see egs. (4.33) and (4.34) in [@]), which we do not apply here. Therefore,
the soft limit of the doubly-real subtraction is slightly different from that in ref. |
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and

thStAQ = Z

r#k,t

0,0 1 0,0) 0,0
thStcl(m’t : + Z <§th8 CSZ(T t thS CSzr tST(’t )>
i#£rk,t

0,0 0,0 0,0 0,0
~CuS,Cin S — CuS,Cori ST + CuS ST |+ €SSV, (7.4)

In this section we spell out explicitly all subtraction terms that appear in egs. (7.9)-([74).
These subtraction terms are defined on factorized phase spaces that are obtained using two

singly-unresolved collinear and/or soft-type mappings iteratively.

7.1 Iterated collinear counterterms

7.1.1 Iterated collinear-triple collinear counterterm

Counterterm. The counterterm corresponding to the collinear limit of the triple

collinear subtraction is

,1 1
Skt S77

CeCo0 ({p}) = (Brawu™)

(7.5)
kt7

X<M£72)({ﬁ}£nktﬁkt )|P;k(}tfr ({ZJ 1z 7, I ki] ls kl] P S5l 5})|M 0)({p~}£7ftf7kt))> ,

where j, | =k, tand j, [ = E, 7, defined in egs. (F.12)(F.14). Note that in our convention
the ordering of the labels on the splitting kernels is usually meaningless, but in the strongly
ordered kernels ]AJfS]:}t(fOr) the ordering matters. As a result, the same triple-parton splitting
function may have different strongly-ordered limits, which can be distinguished by the
momentum labels in the kernel, once the ordering of the limits is fixed by the momentum
mapping, given in eq. ([(.19). Thus, in the following kernels, we do not further mark the
abelian and non-abelian limits as we did at the level of the factorization formulae in ref. [[7].

For quark splitting we have

< |P 7, /)(Zk;taztk;akLk‘ta kt’pazﬁﬁakj_’ﬁf;eﬂ‘s” =

2
k
=1TR Pq(ggkt (Zf %t FH,m € €) = 2Cr 2k 12tk <Zﬁ,r #)] bssr5 (7.6)
Lk tSkis
(s |quk(;t(g?‘ (Zhts 2t ks 25 % E’6)|5/> = Pq(gzt(zm, R 5)Pq(%%gf(27§t,w % T £)0ss’ (7.7)

0) 0
(s |qur3k(gt (Zhyts 20 KLt T Al s e)ls’) = 2Ca Pq(fs)va (ijc?’ et 7 €)

2
2k, Zt k k
x (Zz: + Z;) + Cr(1 — &)z 2k (Z . ﬁ)] Sssr s (7.8)

1,k,t5 kt
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where spg, ,, = 2Py - k1 g+ For gluon splitting we define
< ’Pgsk(;tqr (Zk,h 2tk 27&,7’” Zf.7a7 kl7a7f; E)’V> =
0 (0
= P, Cors s ) WPy (oo 2 ks o) (19)

< |Pgsrqut (Zk,t, 2tk kL,k,ta Zﬁf’ Zf’,a’ kl’a,f;€)|l/> -

i CFH gkut Zp K K
=200TR | — g*" —+ + 2k,t2¢ kkﬁi + 42k 2z e kQ —
“Hp o CREL 1k tSkis “5 ki Lkt
K kY
(0) . 1,7, Tt L7 &t
— 4CA( )ZA Rzkt qukqt (Z]’C,t? Zt,k? kJ_,k,tv ) ]{)2 A (710)
1,7kl

and

(I By s 2k kL kts 275 0 2 70 WL 15 ©) V) = 4CK

ZA — Z/\ N

7, kt kt 7

A e
“hig o PR K

2 — H v
2kt o Ztk 1—¢ Sikypy 2t i BB e
X | —=—+—= | +d" 22t s—— 5 7]{2 2(1 —e)zp 2tk S
Ptk Pkt Ltk %kt Nkt
12 kY
0 N LA R LRt
- 4CA( )z‘ Kt Zﬁ T‘Pg(k.z]t (Zk,ta 2tk kJ_,k,tv 5) k2 — . (711)
L7kt

The momentum fractions z;; and the transverse momenta k ;; are defined in eqs. (5.7)
and (5.9), respectively, with ;- in eq. (5.10). The hatted momenta that also appear in the
definition z; ; and k| ;; are defined in eq. (F13).

Momentum mapping and phase space factorization. The m momenta {ﬁ}%c Lk —
{P1,--- Pz -+ Pmt2} appearing in the matrix elements on the right hand side of eq. (3
are defined in two successive collinear mappings through an intermediate set of m + 1

~y (kt ~ ~ ~
momenta {p}1(n421 ={P1,-- s Dkty- -+ Dm+2},

¢ k) Chig oy (R
{p} =5 (Y}, 5 {BHETRD) (7.12)
or explicitly
. 1 . 1
Pl = T PR AP —an@). Bhi= el nA kit (7.13)
and
1 1 _
SH G 1 5 — 5 2
P = 1_am(pkt+pr az.Q"), P = 1—0‘7&;1)"’ n# kt, 7, (7.14)
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Figure 10: Graphical representation of the iterated collinear momentum mapping and the implied
factorization of the phase space.

where ay; and a5 are given by eq. (b.12), the latter being defined on the hatted momenta.

This iterated momentum mapping leads to exact phase space factorization in the iter-
ated form

prms2({p}: Q) = dbm ({5} F™0; Q)Ap{ ) (5, 5= s QAP 1 (o P Q)] . (7.15)

The one-parton factorized phase spaces [dpglj:r)LH(pk,ﬁkt; Q)] and [dpgkrflr) (Pr, D55 Q)] are

given explicitly by eq. (p.16). The graphical representation of this iterated momentum
mapping and the corresponding factorization of the phase space is shown in figure [LJ.

7.1.2 Iterated collinear-double collinear counterterm

Counterterm. Corresponding to the collinear limit of the double collinear subtraction
is the counterterm

, 1 1

CuChrt ({p}) = (Smagp®)? ——
Skt Sip

<MD UBYT VPR, Gt 21 kLt 0PL (5 50205 kL ©) M) ({BYH)

(7.16)

The variables of the Altarelli-Parisi kernels, the momentum fractions and transverse mo-
menta, are given by egs. (5.71) and (5.§) while the kernels themselves are recorded in

eqs. (B-3)-E9).
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Figure 11: Graphical representation of the iterated collinear momentum mapping and the implied
factorization of the phase space.

ir Jkt)

Momentum mapping and phase space factorization. The m momenta {p}
{P1s---sDspr -+ Pkts- - - » Pm+2} in the matrix element on the right hand side of eq. ([T14)
are again given by an iteration of the collinear momentum mapping of eq. (p.11]),

C %f - (i
{p} =5 (Y =5 {BYarH0. (7.17)
The new momenta are defined as
- 1 . . _ 1 . AL
Poo=7—— @ +p —05Q"),  Ph=1— P, n#ELT, (7.18)
r r

where the hatted momenta that also appear in the definition 2; ., z.; and k| ; . in eq. ([7.16)
are defined in eq. (7.13). Again «;, is given by eq. (5.13). This iterated momentum mapping
leads to exact phase space factorization in the following form:

dpmsa({p}: Q) = dbm (Y Q)dpS™) (b1, B QNADE, (ppo P Q)]s (7.19)

where the factorized phase space measures [dpglz?b +1(Prs Pre; Q)] and [dpgg(ﬁr, P Q)] are

given in eq. (5.16). The graphical representation of this iterated momentum mapping and
the corresponding factorization of the phase space is shown in figure [[1].

7.1.3 Iterated collinear—soft-collinear-type counterterms

Counterterms. The following three counterterms all use the same momentum mapping,
that of the collinear—soft-collinear term C,,CS, kt N ({p}) and we present these together. We
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define

0,0
thGS,ﬁt;r)({p}) — (8o ) ZZQ (7 (7.20)
Jl#j
— (MDD TPY) (o2 s ) M (BHE)
2 ZT‘
CurCirt iy, ((P}) = (SMSM Rt (7.21)

MR B s 2 R M (),

2 s
CrtCrirCS, ktr Y ({p}) = (8770@#26)2?2 :Tit (7.22)
k7 7kt

<M<° {BYENN P (s 20 Ko ) MQ (YD)

As usual eq. (5.4) defines the momentum fractions and k Lkt is defined in eq. (B.27).

Momentum mapping and phase space factorization. The set of m momenta
{ﬁ}%’kt) = {p1,---,Pkty---,Pm+2} (pr is absent) that enter the matrix elements on the
right hand sides of egs. ([.20)—(7.29) are constructed by applying the collinear momentum

mapping of eq. (5.14) followed by the soft mapping of eq. (5.24) to the original set of m+ 2
momenta {p},

C 7: - (7
{p} = P}ty =5 Y, (7.23)
which we have already discussed under eq. () and shown in figure .

7.1.4 Tterated collinear—double-soft-type counterterms

Counterterms. The subtraction terms presented below use the same momentum map-
ping, thus they are discussed together. We set

th kt ({p}) (8magp® ZZQ ]Mly kt

< P (2t 2, Ko ) [0) MO (BYEERO)2,(7.24)

Ck‘qthT‘k;gtq k ot Dpy) = (87T04sﬂ °)? S T7Ca
ktS ktr
2z, = 52
X T eh) + Ak} (1-— €)Zk,tzt k72 LIRS
FRip \ Ptk Rkt k5 ktSTEr
XM ({pHFER)2 (7.25)
qutqcrkqtq kqtq D({p}) = (8masu®)? . T T
ktS 7y ktr
z, o7 52, _
7’ ~
1| 25 s MO (1.20)
kt 7 1.kt Qr
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The momentum fractions and transverse momentum in eqs. ([7.24)—([7.2§) are defined as

usual by egs. (b.7) and (F.§). In eq. (7.24) we use the notation

AH sV
- p;p
St (t) = 4# . (7.27)
J 5155w
The hatted momenta are given by eq. ([.19).
Momentum mapping and phase space factorization. The m momenta {15}7% tkt) —
{DP1,- -+, Pm+2} (momenta p; and p; are absent) that appear in the matrix elements on the

right hand sides of eqs. (7.24)—(.24) are obtained by applying the soft momentum mapping
of eq. (6.26) to the hatted set of momenta of eq. (.13),

{p} S5 (p}0, 2B, (5y(Fekn) (7.28)
We have
= AQ, (Q — p) A (/A ) - (7.29)

The hatted momenta are also used to define the momentum fractions z; 1 in egs. (F24)-

([7.26) and are given in eq. ([.13).
The phase space factorization inherits the ‘product’ structure of the momentum map-
ping and we get

Abmra({p} Q) = Ao ({5} Q) [dp ) (5rs QAP (o s @) . (7.30)

The one-parton factorized phase space measures [dpgkzz 1Pk, Dre; Q)] and [dpgﬁi) (Prt; Q)]
are those in egs. (5.16) and (5.28). The graphical representation of this iterated momentum

mapping and the corresponding factorization of the phase space is shown in figure [[3.

7.2 Iterated soft counterterms
7.2.1 Iterated soft—triple-collinear-type counterterms

Counterterms. The first three subtraction terms on the right hand side of eq. ([.J) are
defined using the same momentum mapping, therefore these terms are presented together.
They read

0,0) S
S Cz(rt ({p}) = (87TQSM26)2P;'Z~}Tft (ZZ',T‘ta ZT‘,Z'ta Zt,i’r'7 Siry Sity Srt; 6)

1 = (i S = (37
x— (MO ABYT DL (270 ki s )M (BYT)),  (731)

i

zrt ({p}) 87Tas,u ZZ SSji(t)

Jj l#
1 1\ (17 i,
= (M UBYTTTPL) (7.7 &) MW (B} )). (7.32)

. ZT" T‘Z’ J_ZT"
i
21—z,
S5,CirCSY ({p}) = (Bmag®)? —— =1 T2

wrt it

S(ir)t Ztir

" — (MO UBYTNPL) (250205 ks 3 MDD {BYED). (733)
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Figure 12: Graphical representation of the collinear momentum mapping followed by a soft one
and the implied factorization of the phase space.

The momentum fractions z;; and z;;; are given respectively by egs. (B.4) and (6.5) while
the transverse momentum k i is defined in eq. (p.§). The soft functions P}f}r £ appearing
in eq. ([.31]) were introduced in ref. [d]. As discussed below eq. (b.25), whenever j or [
equals (ir) the eikonal factor appearing in eq. ([.39) evaluates to the expression given in

eq. (B:2).

Momentum mapping and phase space factorization. The m momenta {ﬁ}g,if’t) =
{P1,-- -, Piry---,Dm+2} (pt is absent) entering the matrix elements on the right hand sides

of egs. (F.31))—(F.33) are defined by the successive soft and collinear mappings,

S - Cir. [\ (R
{p} =5 {BYoy =5 {10 (7.34)
where ) ,
Py = 7o B+ 07 —0uQ"), =g ——Ph,  n#ir (7.35)
r r

and the hatted momenta, that also appear in the definitions of 2; ., z; . and &k ;. in

eqs. ([C30)-([E3), are
Ph =A0[Q,(Q —po)/Nl(pn /X)), n#t. (7.36)

The expressions for a;, in eq. ([.35) and A; in eq. (.3@) are given in egs. (5.19) and (5.23)
respectively. This momentum mapping leads to an exact phase space factorization of the

following form

b r2({p}; Q) = dbm (Y Q)dP\™) 5y Birs Q)N+ (5 Q)] (7.37)

,31,



m+2 roo—

m+2 m42 m+2

—(n 7o [ © [

Figure 13: Graphical representation of the soft momentum mapping followed by a collinear one
and the implied factorization of the phase space.

The collinear and soft one-parton factorized phase space measures [dpgi;i)l(]ﬁr, Pir; Q)] and

[dpgtzﬂ +1(pt; Q)] are given respectively in egs. (b.16) and (5.2§). The graphical representa-

tion of this iterated momentum mapping and the corresponding factorization of the phase

space is shown in figure [[J.

7.2.2 Iterated soft—double-soft-type counterterms

Counterterms. The remaining four iterated soft counterterms in eq. (7.3) are all defined
using the same momentum mapping so we discuss them together. We have

2 %5 s 1 zp 4 1 2t
S,C; S0.0) p)) = (8ta Iu25 2 CA—ﬂ ir L Erit L Zir
e (te}) ( ) Sin Zp i \ SitSrt Srt Ztir  Sit Ztir

i T’Z
2 zjy 2
FTR I A P MO (R, (7.39)
Sit Zt,i Sy zrz

5108 (9)) = ~(man = LT 37 S S SuOIMU), ) (PO (739)

TP j l#5

0,0 2 5 21—z (7
8,CiriCSiysSiy " ({p}) = (Smagy™)? T —— o e THMRAREOP, (740)

1 ; NG
g Z S%l%(T)SJl(t)‘Mg(z,k)(],l)({P}ﬁn’t))\z (741)

/[:7j7k7l

__cAzs ) (i +skr<>—sim))|M£23(i7k><{ﬁ};ivt>>|2].

580V ({p}) = (8magu®)?
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Figure 14: Graphical representation of the iterated soft momentum mapping and the implied
factorization of the phase space.

No new notation (besides the set of momenta {ﬁ},(f;’t) to be defined below) has been intro-
duced in eqs. (7.3§)-(F.41)), thus we limit the discussion of these terms to two comments.
Firstly, note that in the equations above both r and t are gluons. Secondly, we emphasize
that the discussion below eq. (.2§) also applies to eq. (£.39).

Momentum mapping and phase space factorization. The m momenta {;5}52’” =
{P1,...,Pm+2} (both r and ¢ are omitted) that appear in the matrix elements on the right
hand sides of eqgs. (.38)(F.41]) are obtained by two successive soft-type mappings (defined

in eq. (£:29)),

o} =5 (3, 25 (30 (7.42)
where
P = AMQ,(Q — p/A (Y Ne) s mAT (7.43)

(]

The hatted momenta are given in eq. ([(.3¢]). Naturally, the iterative structure of the
momentum mapping is inherited by the phase space factorization

ddnr2({p}: Q) = A ({YED: Q)P (5rs Q)N (03 Q)] (7.44)

where the soft one-parton factorized phase space measures [dpgfil(ﬁr;Q)] and

[dpgﬂ 11(pe; Q)] are both given by eq. (p.2§). The graphical representation of this iter-
ated momentum mapping and the corresponding factorization of the phase space is shown

in figure [[4.

,33,



7.3 Iterated soft-collinear counterterms
7.3.1 Iterated soft-collinear—triple-collinear-type counterterms

Counterterms. The first two terms on the right hand side of eq. (f:4) turn out to be
defined using the same momentum mapping after a trivial reindexing. Let us define

2 z
CiiS; c00 _ (87?(15#25)2 = Zit T?t

irt

Sit 2t
1 ~\ (if ir,
< (MO UPYTNIPL) (i 200k s M (BT (7.45)
2
CreSCSLY ({p}) = (Bmagu®)? — ety
Skt 2tk

L AMOUBGN PO (21,205 k 15 ) MO{FYED)) . (7.46)

ZT‘

00

irt

appearing in eq. ([[.4). As already stated, this is convenient, because with this indexing

Notice how a different indexing of C;S; ({p}) is given above as compared to that

exactly the same set of tilded momenta, {ﬁ},(ff’t), appear in the matrix elements on the
right hand sides of both eqs. ([-45) and ([.46). The momentum fractions and transverse
momenta are defined as usual via eqs. (B.7) and (p.§).

Momentum mapping and phase space factorization. Exactly the same momentum
mapping is used as for the iterated soft-triple-collinear-type counterterms, section [7.2.1.
7.3.2 Iterated soft-collinear—double-soft-type counterterms

Counterterms. The remaining five terms on the right hand side of eq. ([4) are again
defined using the same momentum mapping after reindexing some terms. We have

2 % 2
CeSiCS, ST ({p)) = Bmagu®)?— 2 12 Z 2R 2 | MO ((5100) 2, (7.47)
’ S Zpi o Skt Atk
2 2 2 z 7,
CerSiChriS " ({p}) = (Smagu®)? 2L 13 = ZL 72 MO ({5}, (7.48)
Skr “i k Skt 2tk
2 Z; . 9 .
D((p}) = Brogp®)2— kL2 = 20t o | MO ((300)2 7.49
CrtStCkrtsig 0 8 )2 Zk Tzr St 2 m m
kp ,a,]; rt <t,r

, 2z A (F
CuS ST ([p)) = ~(Broun®? 3 3 281(7) - FLTHMO (R, (7.50)

Jol#j Skt #t.k
) 2 zp (7
€555 ({}) = ~(smoun®? 33 5 Sj(F) - L CALMY (PN (751)
Jol#j

Here C,;5,Cy,.,Spe (0.0) ({p}) and C,,tSt rt ({p}) are presented with a different indexing then
in eq. ([.4) so that all matrix elements on the right hand sides of eqs. (7.47)-(7.51) appear

with the same set of tilded momenta, {ﬁ},(f;’t). The momentum fractions have been defined

in eq. (5.7), the eikonal factor in eq. (f.21)).
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Figure 15: Graphical representation of the squared matrix element and its factorization formulae
in the singly- and doubly-unresolved (soft and/or collinear) limits.

1

+

Momentum mapping and phase space factorization. The momentum mapping
used is identical with the mapping defined for the iterated soft—double-soft-type contert-
erms. This mapping and the corresponding phase space factorization is presented in sec-

tion [7.2.9.

8. Cancellation of kinematical singularities

In section f], we have shown that the subtraction terms collected in eq. (b.1]) correctly reg-
ularize the kinematical singularities in the squared matrix element in the singly-unresolved
regions of the phase space. Similarly, the subtraction terms collected in eq. (p.]) correctly
regularize the kinematical singularities in the doubly-unresolved regions of the phase space.
The purpose of the iterated counterterms is two-fold. These should cancel the kinemat-
ical singularities of the singly-unresolved counterterms in the doubly-unresolved regions
of the phase space and conversely, they should cancel the kinematical singularities of the
doubly-unresolved counterterms in the singly-unresolved regions of the phase space. The
structure of eq. ([(])) follows that of the candidate subtraction term A12\M£2)+2\2 found in
ref. [, where it was shown that at the level of the factorization formulae the combination
(Ag+A;—Ap)|M 57%2 | indeed regularizes the squared matrix element in all relevant un-
resolved regions of the phase space. We show the structure of the cancellations graphically
in figure [[3.

The first picture corresponds to the squared matrix element of the m + 2 final-state
partons, while the following terms in the squared brackets correspond to the terms that
build A2|M$Zrz|2, A1|/\/l,(ﬁgzr2|2 and A12|M£2)+2|2, respectively. The factorized one- and
two-parton factors correspond to Altarelli-Parisi kernels, with azimuthal correlations in-
cluded, or eikonal factors, with colour-correlations included, or the combinations of these.
In the first bracket we find all those terms that regularize the kinematical singularities of
the squared matrix element in the doubly-unresolved regions of the phase space. In these
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phase space regions the terms in the second bracket, Corresponding to A1|M(O) 2|2 are
regularized by terms in the third bracket, corresponding to Alg\./\/( +2]2 In particular, if
partons r and s become unresolved, than the two terms shown in the third line regularize
those two in the second line.

In the singly-unresolved regions, the second bracket contains all terms, necessary to
regularize the squared matrix element. Note however, that these terms also contain spurious
singularities. For instance, when r is unresolved, then the first term in the second bracket
regularizes the squared matrix element, while the second becomes singular. This term will
be regularized by the second term in the third bracket. At the same time, the terms in the
first bracket will lead to a strongly-ordered factorization formula, that will be regularized by
the first term in the third bracket. If s becomes unresolved, then the role of the two terms
in the third bracket interchanges: the first term will regularize the spurious singularity in
the first term of the second bracket, while the second will regularize the term in the first
bracket.

In defining the full subtraction (As + A; — A;pp)| M. +2]2 we keep the structure of
(A + A — A12)|/\/l£n+2|2 and replace the momenta in the squared matrix elements of m
or m + 1 final-state partons in figure [[§ with tilded momenta, defined by different types
of momentum mappings for the various terms. In order that the cancellations described in
the previous two paragraphs take place it is crucial that these momentum mappings obey

the following three conditions:

1. The mappings used for defining the doubly-unresolved subtraction terms should be
such that in the singly-unresolved regions of the phase space, the mapped momenta
tend to the same limit as those of the iterated mappings, used for defining the terms

in Alz\./\/( +2]2

2. In those regions of the phase space, where only momentum p% becomes unresolved,
the singly-collinear and soft momentum mappings, used in the definition of those
singly-unresolved subtraction terms, in which momentum p}’ is factorized, tend to
the same limit as the iterated mappings used in the definition of those terms in
Alg\./\/( +2]2 in which the first mapping factorizes p) and the second pf.

3. In the doubly-unresolved regions of the phase space, the singly-collinear and soft
momentum mappings, used in the definition of the Al\Mﬁﬁlg\? term, tend to the

same limit as the iterated mappings used in the definition of A12|M,(SLZF2|2.

The ﬁrst of these conditions is necessary in order that the required cancellations between
A2|M +2|2 and A12|/\/lm Jr2|2 take place. The second requirement ensures that the can-
cellations between the first terms in the second and third bracket of figure [[J happens
when momentum p5 becomes unresolved. Finally, the third condition is needed for can-
celling all kinematical singularities of the .4;| M 0)4_2‘2 terms by the corresponding terms
in A12|M +2|2 in the doubly-unresolved regions of the phase space. It is not difficult to
check that the above requirements are fulfilled for all mappings. In particular, the third
condition follows from the construction of the iterative mappings, namely these are suc-
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m+2
Figure 16: Graphical representation of the collinear limit of the triply-collinear and and iterated
singly-collinear mappings. (kt) means the momentum pf + p} in the collinear direction in the
collinear limit.

cessive applications of the singly-collinear and/or soft mappings. Here we consider two
illustrative examples of the first two conditions.

In the case of the first condition, the least trivial is that the singly-collinear limit of the
triply-collinear mapping is the same as that of two successive collinear mappings, defined
by egs. ([.19)—(-14), as shown graphically in figure [[§. In the limit when momenta p}’ and
pl' are collinear, using egs. (6.§) and ([.q) we find

Zhits — ZkZ(kt),s s Ztks — ZZ(kt),s > Zskt — Zs,(kt) (8.1)
Pil|pt Prl|pt Prllpt
and
7 I I 1 7 7
kJ_,k,tS Zkkj_,(kt),s’ kJ_,t,ks — ztkl,(kt),s’ kJ_,S,kt — kJ.,S,(kt)’ (82)
Prllpt Prllpt Prl|pt

i.e., both the momentum fractions and the transverse momenta tend to the limit of the
corresponding variables of the iterative collinear mapping. As a result, the kinematics
defined by the two mappings tends to the same limit and the cancellation of the singularities
takes place.

For the second requirement, let us consider for example, the soft limit p§ — 0. The
singly-unresolved counterterms depend on p4, while the iterated terms depend on pk. The
singly-unresolved mappings, that lead to these different momenta in the two cases, are
linear in p%, therefore, p5 — 0 in the soft limit, when p5 — 0. It follows that A — 1 when
pt — 0 so in the soft limit the hatted momenta tend to those with tilde. In particular,
Py — ph if p§ — 0, so the kinematics become identical and the cancellation takes place.
The graphical representations of the soft limits of the two mappings are shown in figure [[7.
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Figure 17: Graphical representation of the soft limit of the singly-unresolved and iterated mo-
mentum mappings.

9. Numerical results

In sections f], fi and [] we have defined explicitly all subtraction terms in egs. (.3)-(.3)
that are necessary to make da?f_{w integrable in d = 4 dimensions. In order to further
demonstrate that the subtraction terms indeed regularize the cross section for doubly-real
emission, we consider the non-trivial example of the contribution of the ete™ — ¢qggg
subprocess to the moments of three-jet event-shape variables thrust (7") and C-parameter,
when the jet function is a functional

Jn(p1s- -, pn; O) = 0(0 — O3(p1,- -, pn)) (9.1)

with O3(p1,...,pn) being the value of either 7 =1 —T or C for a given event (p1,...,pn).
The eTe™ — qgggg subprocess gives rise to the most general kinds of kinematical singu-
larities and colour structures. The only additional complication present in the four-quark
subprocess ete™ — ¢gQQg is the identical flavour contribution that does not require any
addition to the subtraction scheme.

Starting from randomly chosen phase space points and approaching the various singly-
and doubly-unresolved regions of the phase space in successive steps, we have checked
numerically that the sum of the subtraction terms has the same limits (up to integrable
square-root singularities) as the squared matrix element itself.

The perturbative expansion to the n*® moment of a three-jet observable at a fixed scale
1= @Q and NNLO accuracy can be parametrized as

(om = /doonid—“ =

09 dO
- (%452 /018” " (0‘82(7?))2 B 4 <a52<7?>>3 e 0
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n c oo

75

1|-(9.27+0.33)-10 | -(3.44 +0.13) - 102
~(0.31£0.04) - 10 | -(1.41 +0.03) - 102
31 -(0.20 £0.01) - 10 | -(0.63 +0.18) - 10

Table 1: The moments 05"5) and Cé"%

where according to eq. (B.4), the NNLO correction is a sum of three contributions
cyl=cll+ o+ 9.3)

Carrying out the phase space integrations in eq. (B.5), we computed the five-parton contri-
bution C(On%(O) as defined in this article. The predictions for the first three moments of 7
and the Ciparameter, obtained using about ten million Monte Carlo events, are presented
in table [[. These numbers are unphysical, and given only to demonstrate that the (m +2)-
parton NNLO cross section defined in this paper is finite. In particular, the relatively small
negative values simply indicate that the subtractions altogether subtract slightly more then
the full doubly-real cross section. If needed, the colour decomposition is straightforward.

10. Conclusions

In this paper we have presented a generalization of the dipole subtraction scheme for com-
puting NNLO corrections to QCD jet cross sections to processes without coloured partons
in the initial state. The scheme is completely general in the sense that any number of mass-
less coloured final-state partons (massive vector bosons are assumed to decay into massless
fermions) are allowed provided the necessary squared matrix elements are known. It is also
general in the sense that it is algorithmic in a straightforward manner, therefore, the gener-
alization to N"LO accuracy does not require new concepts. FEach step of the computation
can in principle be extended to any order in perturbation theory, which is useful in setting
up parton shower algorithms that can be matched to fixed-order approximations naturally.

Three types of corrections contribute to the NNLO corrections: the doubly-real, the
real-virtual and the doubly-virtual ones. Here we have constructed the subtraction terms
for the doubly-real emissions; those to the real-virtual corrections will be presented in a
companion paper. By rendering these two contributions finite in d = 4 dimensions, the
KLN theorem ensures that for infrared safe observables adding the subtractions above to
the doubly-virtual correction, that becomes also finite in d = 4 dimensions.

The subtraction terms for the doubly-real corrections presented here are local in d =
4 —2¢ dimensions and include complete colour and azimuthal correlations. The expressions
were derived by extending the various singly- and doubly-unresolved limits of QCD squared
matrix elements over the whole phase space, which was achieved by introducing momentum
mappings which define exactly factorized phase-space measures. Although the number of
subtraction terms is rather large, the implementation of the scheme is not so complicated,
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because only five different types of phase-space mappings have to be defined, all other
mappings being obtained by employing those five basic ones iteratively.

In order to demonstrate that the subtracted cross section is indeed integrable, we
have computed the corresponding contributions to the first three moments of two three-jet
event-shape observables, the thrust and the C-parameter.
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